Moonshine vertex operator algebra as L( 
Introduction
Motivated by the problem of ÿnding maximal associative subalgebras of the Monster Griess algebra [12] , Dong et al. [10] discovered several subalgebras of the famous Moonshine vertex operator algebra (VOA) V " [11] which are isomorphic to tensor products of some Virasoro VOAs. Actually, it was shown in [10] that the Virasoro element ! of V √ 2A l , where A l denotes the root lattice of type A l , can be decomposed into a sum of l + 1 mutually orthogonal elements, called conformal vectors, ! i ; 1 6 i 6 l + 1. Moreover, the vertex operator subalgebra generated by the conformal vector ! i is exactly the irreducible highest weight module L(c i ; 0) for the Virasoro algebra, where the central charge c i =1−6=(i+2)(i+3) for 1 6 i 6 l and c l+1 =2l=(l+3). In other words, the vertex operator subalgebra generated by these conformal vectors is isomorphic to a tensor product l+1 i=1 L(c i ; 0) of the Virasoro VOAs L(c i ; 0). For any divisor l of 24, the even lattice ( √ 2A l ) 24=l can be embedded isometrically into the Leech lattice . Thus, the algebra T = T l = ( l+1 i=1 L(c i ; 0)) 24=l can be embedded naturally into the Moonshine VOA V " . Moreover, V " can be written as a direct sum of irreducible T-modules.
For l = 1; 2, the decomposition of the Moonshine VOA V " into a direct sum of irreducible T l -modules are known (cf. [7, 14, 22] ). These decompositions are in fact very powerful tools for studying the properties of the Moonshine VOA (cf. [4, 7, 20, 22] ). In particular, one can often obtain explicit deÿnitions of certain automorphisms of the Moonshine VOA using such a decomposition [16, 20, 21] . Recall Frenkel-LepowskyMeurman's construction [11] of a VOA structure on V " and their construction of a group of automorphisms-the Monster-of this structure. They also proved that the full automorphism group of V " is the Monster [11, Theorem 12.3.4] . In this paper, we shall study the case for l = 3. As our main result, we shall obtain a decomposition of V " with respect to the subalgebra T = (L( Our method is similar to that of [14] . It is based on an embedding of ( √ 2A 3 ) 8 into the Leech lattice and a description of the cosets of ( √ 2A 3 ) 8 in using some codes. Certain VOAs associated with some Z 8 and Z 2 × Z 2 codes will also be constructed. A decomposition of V " will then be obtained by a careful study of their representations.
Lattice VOA V √

2A 3 and its irreducible modules
Let L be a lattice with a basis { 1 ; 2 ; 3 } such that i ; j = 2 ij and denote N = 3 i; j=1 Z( i ± j ). Then, L ∼ = (A 1 ) 3 , N ∼ = √ 2A 3 and
forms a set of simple roots of N= √ 2 ∼ = A 3 . Set = 1 + 2 + 3 . (The notation here is slightly di erent from [8, Section 3] . In fact, the sign of 1 is changed.) Let We may assume that {0; a; b; c} = Z 2 × Z 2 by (2.2). In addition, we shall denote
for i ∈ {0; a; b; c} and j ∈ Z 8 . Next, we shall recall the deÿnition of certain conformal vectors introduced in [10] . For any positive integer l, let l be the root system of type A l generated by simple roots ÿ 1 ; : : : ; ÿ l and let + l be the set of positive roots. We assume that the square length of a root is 2 and i is a sub-system of l with simple roots ÿ 1 ; : : : ; ÿ i for i . The lattice VOA V L associated with a positive deÿnite even lattice L is deÿned in [11] (and V L = S(h − Z ) ⊗ C{L} as a vector space). In our case, the lattice L = L is doubly even, so that the commutator map c( ; ÿ) = (−1)
; ÿ is trivial (cf. [11] ) and the twisted group algebra C{L} is isomorphic to the group algebra C[L] = span C {e | ∈ L}.
Let E = Z(− 1 + 2 ) + Z(− 2 + 3 ) ∼ = √ 2A 2 and let F = Z be a rank one lattice generated by = 1 + 2 + 3 . Then E =Z √ 2ÿ 1 Z √ 2ÿ 2 , E; F =0. The central charges of the mutually orthogonal conformal vectors ! 1 , ! 2 , ! 3 , and ! 4 in V N ∼ = V √ 2A3 are 1=2, 7=10, 4=5, and 1, respectively. Hence the subalgebra T of V N generated by these conformal vectors is isomorphic to Now let us recall three automorphisms Â 1 , Â 2 , of V A1 of order two deÿned in [8] (see also [11] ), where and is a simple root of A 1 , i.e., ; = 2.
The following results are proved in [8] (see also [15] ).
Note that for any subset M ⊂ N * , V M is deÿned to be the space
* } is the twisted group algebra deÿned as in [3, 11] .
Remark 2.2. Since E ∼ = √ 2A 2 ; by the method described in (2.4) -(2.6); one can obtain three mutually orthogonal conformal vectors! 1 ;! 2 ;! 3 ∈ V E with central charge 1=2; 7=10 and 4=5; respectively. Let! 4 be the Virasoro element of V F . Then the subalgebraT generated by! 1 ;! 2 ;! 3 ; and! 4 is also isomorphic to
; 0) ⊗ L(1; 0): Although (T) =T; we can modify the automorphism so that the decomposition of V N as a T-module is exactly the same as the decomposition of V + L as aT-module (see [8; Section 3] ).
Next, we shall study the decompositions of some irreducible V N -modules. Theorem 2.3 (Kitazume et al. [15] ). Let L; N; E; and F be deÿned as above. Then we have the following decompositions:
where
) ⊗ T is a 2 -twisted module of V E and T is an irreducibleÊ=K module such that e · t = t for ∈ E; t ∈ T; and K is a central subgroup ofÊ such that 1 → Ä →Ê=K → E=2E → 1 is an (split) extension of E=2E; and V T1 F and V T2 F are the two inequivalent irreducible 2 -twisted modules for V F .
Using a similar method as in [8] , one can also obtain
Note that 2 a ; 2 b ; 2 c ∈ E and that a ; b , and c are orthogonal to F. Moreover,
where i = a; b; c and D = E F.
Some VOAs associated with codes
In this section, we shall review some results about VOAs associated with certain algebraic codes. For details of the proof, we shall refer to [15, 18] .
Deÿnition 3.1. Let {0; a; b; c} = Z 2 × Z 2 be the Klein's four-group. A Z 2 × Z 2 -code of length n is simply a subgroup of {0; a; b; c} n . A codeword is said to be even if the number of non-zero entities in is even and a code is called even if all its codewords are even.
One can deÿne an inner product on {0; a; b; c} by
x · y = 1 if x = y and x; y = 0 0 otherwise; for any x; y ∈ {0; a; b; c}: For = ( 1 ; : : : ; n ); ÿ = (ÿ 1 ; : : : ; ÿ n ) ∈ {0; a; b; c} n , ( ; ÿ) is deÿned by Now, let C be a Z 2 × Z 2 -code of length n. For any = ( 1 ; : : : ; n ) ∈ C, deÿne
Moreover, we deÿne
Theorem 3.3 (Lam and Yamada [18] ). If C is an even Z 2 × Z 2 -code; then M k C is a VOA. In fact; M k C is a subalgebra of V C (with di erent Virasoro elements).
In addition, we deÿne
Theorem 3.4 (Lam and Yamada [18] ).
and Theorem 3.6 (Kitazume et al. [15] ). If D is a type II Z 8 -code; i.e.;
for any = ( 1 ; : : : ; n ) ∈ D; then M e D is a vertex operator algebra.
e ; i = 0; 1; : : : ; 7. We shall denote (U ) = = ( 1 ; : : : ; n ) ∈ Z n 8 , which is called the -word of U .
Deÿne
where is rational (cf. [15;17] ). Nevertheless; we do not need such facts in this article.
We shall make a remark on the V N -module V N j i , where 
Leech lattice and (
In this section, the coset decomposition of the Leech lattice over ( √ 2A 3 ) 8 will be studied. We shall also obtain a construction of the Leech lattice using certain types of codes.
The even unimodular lattices of rank 24 are classiÿed in [23] and are called Niemeier lattices. Every Niemeier lattice is uniquely characterized by its root lattice (the sublattice spanned by the vectors of squared length 2). The Leech lattice is the Niemeier lattice whose root lattice is {0}.
Theorem 4.1 (Dong et al. [10] ). Let be any Niemeier lattice. Then; there is at least one (and in general several) isometric embedding
into the Leech lattice .
Note that the case for = (E 8 ) 3 was also proved earlier by Lepowsky-Meurman [19] .
Let (R) be the Niemeier lattice associated with the root lattice R. Suppose (A 3 ) 8 can be isometrically embedded into (R). Then,
8 can be identiÿed with a self-dual type II Z 4 -code. Note that there are exactly 4 non-isomorphic self-dual type II Z 4 -codes of length 8, which correspond to the above 4 cases.
On the other hand,
2 as an abelian group. Thus, we have an exact sequence
Next, we shall study the coset decomposition of associated with ( √ 2A 3 ) 8 using some codes. In fact, (2.2) and (2.3) imply that =( √ 2A 3 ) 8 can be described by a Z 2 × Z 2 -code and a Z 8 -code of length 8.
For a given Z 2 × Z 2 -code C and a Z 8 -code D of length n, we deÿne x; x ≡ 3 8
Since C is even and D is of type II; we have
x; x ≡ 0 mod 2Z:
C is an even lattice. Next, we shall note that
n , where = ( 1 ; : : : ; n ) ∈ {0; a; b; c} n , and = ( 1 ; : : :
Let ÿ = (0; : : : ; 0) and Á ∈ D. Then we have
Thus, ∈ D ⊥ . Similarly, we also have ∈ C ⊥ . If both C and D are self-dual, then we have
We shall apply the above theorem to construct the Leech lattice. Let ={1; 2; : : : ; 24} and let C 24 ⊂ P( ) be the Golay code. Then the codewords of weight 8 in C 24 form a Steiner system S(5; 8; 24). A codeword of weight 12 in C 24 is called a dodecade. where e i = 1= √ 8(0; : : : ; 4; : : : ; 0); e X = i∈X e i and = {1; : : : ; 24}. Note that e i ; e j = 2 i; j .
In order to obtain a coset decomposition of the Leech lattice with respect to the sublattice ( √ 2A 3 ) 8 , we shall ÿx an embedding of ( √ 2A 3 ) 8 into the Leech lattice . First, write as a disjoint union of eight 3-element subsets S 1 ; : : : ; S 8 , i.e.,
such that for any i; j; k, there is a unique l such that
This means that we can deÿne a structure of 3-(8; 4; 1) design on {S 1 ; S 2 ; : : : ; S 8 }. Note that such a decomposition of does exist. For example, set Then the set of indices {i; j; k; l} of the blocks {S i ; S j ; S k ; S l } consists of {1; 2; 3; 4}; {1; 2; 5; 6}; {1; 2; 7; 8}; {1; 3; 5; 8};
{5; 6; 7; 8}; {3; 4; 7; 8}; {3; 4; 5; 6}; {2; 4; 6; 7}:
Here we use the MOG-notation in [2] , and the elements of are arranged as follows: On the other hand, the lattice generated by the above vectors already contains the generators stated in Theorem 4.3. Hence, it must itself be the Leech lattice. Now let L be the lattice generated by the vectors deÿned in (4.2) and {−e k i 
On the other hand, =L can be described by a Z 2 × Z 2 -code C, where the generating matrix for C is given by 
Note that D is a self-dual type II Z 8 -code and C is an even self-dual Z 2 × Z 2 -code. Let V be the Leech lattice VOA as deÿned in [11] . Then we have Corollary 4.6. The Leech lattice VOA V has the following decomposition.
Hence Lemma 3.9 implies that In this section, we shall study the decomposition of the twisted module V T with respect to the algebra T = (L(
⊗8 . First, let us recall the construction of the Â-twisted modules V T L for a lattice VOA V L from [11] , where L is a positive deÿnite even lattice and Â is an automorphism of V L induced from the isometry ÿ → −ÿ for ÿ ∈ L. Note that automorphism Â is not unique [11, Proposition 5:4:3] .
Let h = L ⊗ Z C. Let {h 1 ; : : : ; h n } be a basis of h and {h 1 ; : : : ; h n } a dual basis of {h 1 ; : : : ; h n }. The twisted a ne Lie algebra of h is the algebrâ For any irreducibleL=K-module T with the action i(Ä)
) is the symmetric algebra ofĥ
with coe cients C m; n given by the equation
Theorem 5.1 (Chapters 7 and 9 of Frenkel et al. [11] ). Let T be an irreducibleL=K-module such that i(Ä) By deÿnition, it is easy to show that for any a ∈ L with a; a = 4, ∈ h and ∈ T , we have (X a ) 1 = where X a = e a + e −a , (cf. Chapters 7 and 9 of [11] ). Next, we shall discuss an explicit construction for T . Details again are given in [11] .
Let be a sublattice of L which is maximal such that x; y ∈ 2Z for any x; y ∈ . Thenˆ is a maximal abelian subgroup ofL andˆ =K is an elementary abelian 2-group. Moreover, R ⊂ .
For any :R=K → C * with (i(Ä)) = −1, let :ˆ =K → C × be a character which extend . Then
where F is the one dimensionalˆ -module a ording the character . Note that deg T = 
Decomposition of Â-twisted modules of V N
We shall determine the decomposition of the Â-twisted modules of V N associated with the algebra L( Lemma 5.5. Let N; E; and be deÿned as in Section 2 and denote J = 2Z . Then;
Proof. First; note that
Thus; E ⊂ N and J ⊂ N . Note also that E; J = 0.
We thus have the desired result because 2 2 = 2 √ 2(ÿ 1 − ÿ 2 )=3 + 2 =3. (1) When ( 1 ; 2 ; 3 ) = (1; 1; 1),
Note that J = 2Z is an even rank one lattice and that V Proof. We keep the notations in Section 2. First; we note that V =4+L is an irreducible 1 -twisted V L -module (cf. [9; Theorem 5.1] and Section 2). Let G = E J . Then; we also have 
J is an irreducible Â-twisted module. Since (e √ 2ÿ1 + K) = −1, (e √ 2ÿ2 + K) = 1, and T = T ⊗ T , it follows that T ∼ = T b . Moreover, N is doubly even and 2 = ÿ 1 + 2ÿ 2 + 3ÿ 3 . Thus, (e 2 ) = (e ÿ1 ) (e ÿ2 ) 2 (e ÿ3 ) 3 = −1. Hence, T = T 2 and we have (2) . The other cases are similar.
Remark 5.8. Note that as L( To simplify the notation, we shall denote
J : Note that the following fusion rules for V + N -modules hold:
for any i; j ∈ {0; a; b; c} ∼ = Z 2 × Z 2 and = 0 or 1;
if k is odd, and
if i is even.
Decomposition of the twisted module V
T Let L = be the Leech lattice. Then R = 2 .
Proposition 5.9 (Griess [12] , cf. Chapter 10 of [11] ). The extra-special groupˆ =K has a unique (up to equivalence) irreducible module T such that
Moreover; dim T = 2 12 .
Note that i(Ä) is denoted by ÄK in [11, Chapter 10] . Take 
In particular; V T contains a T-submodule isomorphic to
Since V ⊃ (V N ) ⊗8 and U 0 (0) is the only irreducible Â-twisted module of V N having a highest weight vector of weight (0; 0; 0; 0;
By the deÿnition of T , it is clear that
Thus, we also have
Since N 8 ⊂ andˆ is a maximal abelian normal subgroup ofˆ , V T is also irreducible as a Â-twisted V N 8 -module for any ∈ Irrˆ =K; (i(Ä)) = −1. By the fact that V T is the unique irreducible Â-twisted module of V and (5.5), we obtain
3), we know that 
if + is in the subgroup S generated by
2(x 1 + x 2 + x 5 + x 6 ) + and
Note that |S| = 2 3 = 8. Thus, by (5.6), we have Theorem 5.12. Let C be the Z 2 × Z 2 -code deÿned in (4:5). Then; Let F be the irreducible Ä -module such that Ä acts as −1 and consider the induced module
We shall denote the equivalent class of a ⊗ 1 in C{ } by Ã(a) for a ∈ˆ .
Let e : →ˆ , → e , be a section of the above central extension such that the corresponding 2-cocycle j 0 : L × L → Z 2 satisÿes the properties that j 0 ( ; ) = 1 2 ; mod 2 (cf. Chapter 6 of [11] ). Then C{ } is linearly isomorphic to the group algebra C[ ] = span{e | ∈ } through the map
for h ∈ h = C ⊗ Z ; ∈ and n ∈ Z. Note that the restriction of ' on C[ √ 2 (R)] is in fact an algebra homomorphism since √ 2 (R) is doubly even. Thus, we often denote the element Ã(e ) by e if ∈ √ 2 (R). Note that this notation agrees with that in Section 5.1.
Similarly, Â can be extended to V T by deÿning
for h ∈ h = C ⊗ Z , ∈ T and n ∈ Z + 1 2 . As a vector space, the Moonshine VOA is deÿned as
where (V ) Â and (V T ) Â are the ÿxed point subspaces of Â in V and V T , respectively. It is proved by Frenkel-Lepowsky-Meurman that a canonical vertex operator algebra structure can be constructed on the space V " =(V )
Â and the full automorphism group of V " is the Monster. For the exact VOA structure of V " , we refer the reader to Chapter 12 of [11] , in particular, Theorems 12:3:1 and 12:3:4.
Note that the subalgebra
is ÿxed by Â and V " is a direct sum of irreducible T-modules. Now, let us obtain a decomposition of V Â . First, we shall note that
if i ∈ {0; a; b; c} and j ≡ 0 (mod 4). By direct computation, we obtain
Therefore, for any ÿ ∈ D with (ÿ 1 ; : : : ; ÿ 8 ) ≡ (0; : : : ; 0) mod 4 and ( 1 ; : : : ; 8 ) ∈ C,
);
where i = ±1. Let ÿ ∈ D and ( 1 ; : : : ; 8 ) ∈ C such that (ÿ 1 ; : : : ; ÿ 8 ) ≡ (0; : : : ; 0) mod 4. Then
Therefore,
Hence, by Corollary 4.6, we have
For the twisted part, it is clear that (V T ) Â consists of all submodules of V T which have integral weights. Thus,
Note that the weights of U i (k) + are congruent to 11=16 modulo Z and the weights of U i (k) − are congruent to 3=16 modulo Z for any i ∈ {0; a; b; c} and k = 0; 1. Hence, we have Theorem 6.1. Let V " be the Moonshine VOA. Then
We shall consider the decomposition of the modules V N , and U i (k) which appear as tensor factors in the above theorem as modules for L( (1; 0) . The decomposition of irreducible V + J -modules involved is given in Appendix A (see also [6] ) and the decomposition of V + E -modules can be found in Kitazume et al. [14] and Remark 5. for i ∈ {0; a; b; c} and j ≡ 0; 4 (mod 4) follows from Lemma 3.9 and Sections 3.1 and 3.2. Recall that the weights of U i (k) + are congruent to 11=16 modulo Z and the weights of U i (k) − are congruent to 3=16 modulo Z for any i ∈ {0; a; b; c} and k = 0; 1. Then, by the deÿnition of U i (k), one can also obtain the decomposition of U i (k) for i ∈ {0; a; b; c}, k =0; 1, and = ±. The exact decompositions can be found in Appendix B.
Now, by putting all this information together, it is straightforward to obtain a decomposition of V " as a T-module.
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We also have
The decomposition of L(1; 0)-modules which appear in U j (0) is as follows:
2 ); k = 1; 3; 4; 5; 7; 8; 9; 11:
The decomposition of L(1; 0)-modules which appear in (6.1) is as follows:
Next, we shall consider the decomposition of some twisted modules. Let P denotes the rank one lattice F or J . Then, the graded dimension of
;
For any n = 0; 1; 2; : : : ; deÿne F(n) = n k=0 k. Then, by direct computation, one can show that
Hence,
and we have 
